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Permuta(on	  test	  vs.	  standard	  test	  

•  Standard	  test	  (e.g.	  t	  test)	  may	  be	  unreliable	  
because	  the	  distribu(on	  assump(ons	  do	  not	  
hold.	  

•  Permuta(on	  tests	  offer	  an	  alterna(ve	  tes(ng	  
approach	  that	  relies	  on	  rela(vely	  weak	  
assump(ons	  and	  yet	  are	  quite	  powerful	  and	  
simple	  to	  apply.	  	  

3	  



Permuta(on	  sample	  space	  

1 2 n i

1 2 3

Suppose the observed data are D={x ,x ,...,x }, where x ~F(x; ).

The permutation sample space { , , ,..., },  where each
of its element, D , is a permutation of the observed data D but 
has the same

M

i

D D D D
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Λ =

 amount of information on  as D. θ
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A	  Simple	  Example	  (I)	  

   

• Outcome Y is collected on subjects under two treatment groups:
      D ={y1, y2 , y3} {y4 , y5} ,

      where y1, y2 , y3 ~ f ( y;θ0 );        y4 , y5 ~ f ( y;θ1). 

• The likelihood function L(θ0 ,θ1) = f ( yi;θ0 )
i=1

3

∏ f ( yi;θ1)
i=4

5

∏ .

• Under the null H0 :θ0 = θ1,  L(θ0 ,θ1) = L(θ0 ) = f ( yi;θ0 )
i=1

5

∏ .

• Then for an arbitrary permutation on D that keeps the same amount
   of observations by treatment group,
                       Dk ={ y1, y2 , y3} { y4 , y5} ,

  the corresponding likelihood function 

                 L*(θ0 ) = f ( yi;θ0 )
i=1

5

∏ = f ( yi;θ0 )
i=1

5

∏ = L(θ0 )
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A	  Simple	  Example	  (II)	  

 

• Therefore, the permutation sample space Λ includes all permutations on D
   that assigns three in group 0.
• The number of elements in Λ is

          M= 5
3

⎛

⎝⎜
⎞

⎠⎟
= 5!

3!2!
= 10.

• The permutations can be easily exhausted.

• Under H0,  each element of Λ, a permutation of D, has equal chance

   to be observed.
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Permuta(on	  test	  in	  prac(ce	  	  

   

• Suppose the observed data are D={x1,x2,...,xn}, where xi ~F(x;θ ).

• TD = T (D) is a summary statistic.

• Under the null H0 :θ = θ0 ,  the permutation sample space or a random 

sample of it is Λ ={D1, D2 , D3,..., DM }. We can generate summary statistics

          Tm = T (Dm ),  m=1,2,...,M.

• Because under H0,  each Dm  has equal chance to be realized as D, 

   {T1,T2,...,TM } form a random sample of TD .

• p=
#{m :Tm  TD}

M
 is the p-value under this permutation test, where

      Tm  TD  implies that Tm  is equally or more extreme than TD  under H0.
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A	  simple	  example	  (III)	  

Permutation+
π+

Observation+ Mean+
Difference+(!!)+

!! ≥ 1.733+
Yes+(Y)+or+no+(N)+8.6+ 7.2+ 5.6+ 6.0+ 4.8+

1*+ 2+ 2+ 2+ 1+ 1+ 1.733*+ Y*+
2+ 2+ 2+ 1+ 2+ 1+ 2.067+ Y+
3+ 2+ 2+ 1+ 1+ 2+ 1.067+ N+
4+ 2+ 1+ 2+ 2+ 1+ 0.733+ N+
5+ 2+ 1+ 2+ 1+ 2+ D0.267+ N+
6+ 1+ 2+ 2+ 2+ 1+ D0.433+ N+
7+ 1+ 2+ 2+ 1+ 2+ D1.433+ N+
8+ 1+ 2+ 1+ 2+ 2+ D1.100+ N+
9+ 1+ 1+ 2+ 2+ 2+ D2.433+ Y+
10+ 2+ 1+ 1+ 2+ 2+ 0.067+ N+

+

8	  



Exchangeability	  

•  Some	  observa(ons	  are	  exchangeable	  no	  maQer	  
what	  (e.g.	  experimental	  replicates;	  observa(ons	  
within	  the	  same	  group).	  Permuta(on	  of	  these	  
exchangeable	  observa(ons	  will	  not	  change	  the	  
findings.	  

•  Some	  observa(ons	  are	  exchangeable	  only	  when	  
H0	  is	  true.	  

•  In	  a	  permuta(on	  test,	  one	  needs	  to	  iden(fy	  the	  
observa(ons	  that	  would	  be	  exchangeable	  only	  
when	  H0	  is	  true.	  
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A	  simple	  example	  (III)	  

Permutation+
π+

Observation+ Mean+
Difference+(!!)+

!! ≥ 1.733+
Yes+(Y)+or+no+(N)+8.6+ 7.2+ 5.6+ 6.0+ 4.8+

1*+ 2+ 2+ 2+ 1+ 1+ 1.733*+ Y*+
2+ 2+ 2+ 1+ 2+ 1+ 2.067+ Y+
3+ 2+ 2+ 1+ 1+ 2+ 1.067+ N+
4+ 2+ 1+ 2+ 2+ 1+ 0.733+ N+
5+ 2+ 1+ 2+ 1+ 2+ D0.267+ N+
6+ 1+ 2+ 2+ 2+ 1+ D0.433+ N+
7+ 1+ 2+ 2+ 1+ 2+ D1.433+ N+
8+ 1+ 2+ 1+ 2+ 2+ D1.100+ N+
9+ 1+ 1+ 2+ 2+ 2+ D2.433+ Y+
10+ 2+ 1+ 1+ 2+ 2+ 0.067+ N+

+
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•  Total	  number	  of	  permuta(ons	  under	  
H0=(n1+n2)!.	  

•  Number	  of	  permuta(ons	  among	  the	  
observa(ons	  that	  are	  exchangeable	  even	  
when	  H0	  does	  not	  hold:	  n1!n2!.	  

•  Number	  of	  addi(onal	  permuta(ons	  
contributes	  by	  H0:	  A=(n1+n2)!/(n1!n2!).	  
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Randomized	  block	  design	  
•  16	  blocks	  
•  Within	  each	  block,	  6	  pa(ents	  are	  randomly	  assigned	  to	  3	  
treatment	  groups	  in	  pairs.	  

•  Within	  each	  block,	  each	  pair	  is	  exchangeable,	  thus	  there	  
are	  2!2!2!=8	  permuta(ons	  that	  will	  not	  change	  the	  
findings.	  

•  Under	  null,	  all	  6	  are	  exchangeable,	  thus	  there	  are	  a	  total	  
of	  6!=720	  permuta(ons.	  	  

•  Total	  number	  of	  addi(onal	  permuta(on	  contributed	  by	  
H0=720/8=90.	  

•  The	  16	  blocks	  are	  not	  exchangeable	  due	  to	  block	  effect.	  	  
•  Thus	  the	  total	  number	  of	  permuta(ons:	  A=9016,	  a	  huge	  
number.	  

•  A	  random	  sample	  of	  all	  possible	  permuta(ons	  would	  be	  
selected	  to	  es(mate	  the	  p-‐value.	  
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Pooling	  Test	  Results	  Across	  Genes	  

•  Minimum	  p-‐value=1/A	  for	  a	  permuta(on	  test.	  
•  To	  improve	  power	  in	  microarray	  analysis,	  
results	  across	  genes	  are	  pooled	  together.	  	  

•  Assump(on:	  under	  H0,	  the	  permuta(on	  
sta(s(cs	  for	  all	  permuta(ons	  and	  all	  genes	  are	  
drawn	  independently	  from	  a	  common	  null	  
distribu(on.	  	  
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Permuta(on	  Procedure	  for	  SAM	  

SAM statistic: di =
ri

si + s0

;i = 1,2,..., p

Compute order statistics d(1) ≤ d(2) ≤ ...≤ d( p)

Take B sets of permutation of the response values yj . 
For each permutation b compute the corrsponding 
order statistics  d(1)

*b ≤ d(2)
*b ≤ ...≤ d( p)

*b .

Calculate d(i ) = (1 / B) d(i )
*b

b
∑ .
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Permuta(on	  Procedure	  for	  SAM	  
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Estimate π 0,  the proportion of true null
(a) compute q25 and q75 of the permuted d  values
     (there are pB such values, p = # of genes, B = # of permutations).
(b) compute π̂ 0 = #{di ∈(q25,q75)} / (0.5p) 
     (diare from the original dataset).
(c) π̂ 0 = min(π̂ 0,1).

For a grid of Δ values, compute the total number of significant genes 
(from the original dataset) and the median number of falsely called 
genes (from the B permutations). 

FDR = median number of falsely called genes× π̂ 0

number of genes called significant in the dataset
.
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Permuta(on	  Procedure	  in	  Pathway	  
Analysis	  	  

•  Pathway	  analysis:	  the	  overall	  objec(ve	  is	  to	  
test	  whether	  a	  group	  of	  genes	  has	  a	  
coordinated	  associa(on	  with	  a	  phenotype	  of	  
interest.	  (cited	  from	  Tian	  et	  al.	  2005)	  

•  Tian,	  L.,	  et	  al.,	  Discovering	  sta.s.cally	  
significant	  pathways	  in	  expression	  profiling	  
studies.	  Proc	  Natl	  Acad	  Sci	  U	  S	  A,	  2005.	  
102(38):	  p.	  13544-‐9.	  
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Two	  ways	  to	  formulate	  the	  null	  
•  Q1:	  The	  genes	  in	  a	  gene	  set	  show	  the	  same	  
pa>ern	  of	  associa(ons	  with	  the	  phenotype	  
compared	  with	  the	  rest	  of	  the	  genes.	  

•  Q2:	  The	  gene	  set	  does	  not	  contain	  any	  genes	  
whose	  expression	  levels	  are	  associated	  with	  the	  
phenotype	  of	  interest.	  

•  Two	  different	  permuta(on	  procedure	  need	  to	  
take	  place	  for	  these	  two	  hypotheses.	  	  
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The	  Data	  
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Hypothesis	  1	  
•  The	  genes	  in	  a	  gene	  set	  show	  the	  same	  pa>ern	  of	  
associa(ons	  with	  the	  phenotype	  compared	  with	  
the	  rest	  of	  the	  genes.	  
–  Test	  whether	  the	  observed	  associa(on	  of	  genes	  in	  a	  
gene	  set	  is	  a	  random	  sample	  from	  the	  background	  
distribu(on	  of	  all	  observed	  associa(ons.	  	  

–  Test	  sta(s(c:	  	  

–  The	  null	  distribu(on	  of	  	  	  	  	  	  	  can	  be	  obtained	  by	  
permu(ng	  the	  genes	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  .	  	  
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Hypothesis	  2	  

•  The	  gene	  set	  does	  not	  contain	  any	  genes	  
whose	  expression	  levels	  are	  associated	  with	  
the	  phenotype	  of	  interest.	  
– Based	  on	  the	  expression	  levels	  of	  genes	  within	  the	  
pathway.	  

– Test	  sta(s(c:	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  has	  the	  exact	  form	  of	  
the	  previous	  sta(s(c.	  

– However,	  the	  null	  distribu(on	  of	  	  	  	  	  is	  be	  obtained	  
by	  permu(ng	  the	  phenotype	  vector	  
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